Gravitational Waves from Walking Technicolor by Miura, Kohtaroh et al.
ar
X
iv
:1
81
1.
05
67
0v
2 
 [h
ep
-p
h]
  4
 O
ct 
20
19
MITP/18-112
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We study gravitational waves from the first-order electroweak phase transition in the SU(Nc)
gauge theory with Nf/Nc ≫ 1 (“large Nf QCD”) as a candidate for the walking technicolor, which
is modeled by the U(Nf )×U(Nf ) linear sigma model with classical scale symmetry (without mass
term), particularly for Nf = 8 (“one-family model”). This model exhibits spontaneous breaking
of the scale symmetry as well as the U(Nf ) × U(Nf ) radiatively through the Coleman-Weinberg
mechanism a` la Gildener-Weinberg, thus giving rise to a light pseudo dilaton (technidilaton) to
be identified with the 125 GeV Higgs. This model possess a strong first-order electroweak phase
transition due to the resultant Coleman-Weinberg type potential. We estimate the bubble nucleation
that exhibits an ultra supercooling and then the signal for a stochastic gravitational wave produced
via the strong first-order electroweak phase transition. We show that the amplitude can be reached
to the expected sensitivities of the LISA.
I. INTRODUCTION
The origin of mass is one of the most important issues in particle physics. In the standard model (SM), the
parameters of the Higgs boson mass and the electroweak symmetry breaking scale are all free parameters, so that
the dynamical origin of mass is a challenging issue. One attractive model beyond the standard model is the walking
technicolor, in which the electroweak symmetry is dynamically broken due to approximately scale-invariant strong
gauge dynamics (i.e. ladder Schwinger-Dyson (SD) equation) with large anomalous dimension γm ≃ 1 [1, 2],#1 in
contrast to the original technicolor [6, 7] as a simple scale-up of the QCD. Due to the spontaneously broken approximate
scale invariance, the walking technicolor model predicts [1, 2] a pseudodilaton (“technidilaton”), a pseudo Nambu-
Goldstone (NG) boson of the spontaneously broken approximate scale symmetry, which could be identified with the
Higgs boson with mass 125 GeV (see [8] and references cited therein).
The most popular candidate dynamics for the walking technicolor is the “large Nf QCD”, the SU(Nc) gauge theory
with Nf(≫ Nc) fermions in the fundamental representation, where the theory has the Caswell-Banks-Zaks (CBZ)
infrared fixed point [9, 10] for some larger Nf (conformal window), thereby becoming scale invariant at the fixed
point. It is then expected that a walking gauge theory is realized for Nf just below the conformal window, the phase
boundary of which is roughly estimated to be Nf/Nc <∼ 4 [11], based on the two-loop beta function combined with
the ladder SD equation, which is justified at least qualitatively for the large Nf QCD in the “anti-Veneziano limit”
Nc →∞ with Nf/Nc = fixed≫ 1 [8] (cf. Veneziano limit with Nf/Nc ≪ 1). In the walking phase the (approximate)
scale symmetry as well as the chiral symmetry is spontaneously broken, thus we expect existence of the flavor-singlet
scalar meson, σ, as light enough to be identified with the pseudodilaton.
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#1 The walking technicolor was subsequently studied [3, 4] without notion of the scale invariance/dilaton and anomalous dimension, along
the line of the earlier numerical study [5].
2Recently the lattice simulations of large Nf QCD for Nc = 3 have been widely studied to find such a walking
behavior. Among others it was found [12–14] that Nf = 8, Nc = 3 QCD has a walking behavior with signals of
the spontaneously broken phase and the approximate scale symmetry (non-universal hyperscaling with γm ≃ 1).
More interestingly, a light σ meson was in fact discovered in the Nf = 8, Nc = 3 QCD on the lattice [15–18].
While the results have been obtained in the presence of the non-zero fermion mass mf , in contrast to the walking
technicolor model defined at vanishing fermion mass, it encourages us to consider a possibility of the composite dilaton
(=Higgs/techinidilaton) as a light bound state of the flavor singlet scalar in the large Nf QCD.
The Nf = 8 QCD is also attractive from the point of view of the model building, since the 8 flavors of the fermion
in this model can be assigned as the four electroweak doublets in the one-family technicolor model, which is a model
naturally fit in the extended technicolor (ETC) model to explain the dynamical origin of all the masses including
the quarks and leptons [19]. See [8] for the solution of the old problems such as the flavor-changing neutral current
problems and the oblique corrections (S parameters, etc.), and the explicit breaking mass of technipions (pseudo NG
bosons of larger chiral symmetry), etc. in the one-family walking technicolor model.
Another interesting feature in large Nf QCD is its thermodynamic properties. As argued by Pisarski and
Wilczek [20], in the QCD for Nf > 2 the finite temperature phase transition should be of first-order. If it is the
case, the large Nf QCD as a walking technicolor should be quite attractive from the view of physics beyond the SM,
since the SM which, having the same symmetry structure as that of the Nf = 2 QCD, is believed to have the strength
of the electroweak phase transition not strong enough. Actually it is a key condition to explain the universe’s matter
dominance in the electroweak baryogenesis scenario. Thus a possibility for the strong first-order electroweak phase
transition should be a key ingredient for the walking technicolor as a large Nf QCD to account for the origin of the
universe’s matter dominance.
In this paper we examine if the transition of the finite temperature electroweak phase transition in the early universe
is of the first-order in the large Nf QCD with Nf = 8 as a walking technicolor model. If it is the case, the gravitational
wave signal will be a good probe to the first-order phase transition in the early universe [21].
In fact such a gravitational wave can be detected by the future satellite observations such as the LISA [22, 23] and
DECIGO [24, 25] whose sensitivity will reach the magnitude of the expected electroweak phase transition. Based on
these recent developments on the gravitational wave signals, we here examine the electroweak bubble nucleation in
thermal phase transition. Since fully nonperturbative analyses of the large Nf QCD such as the lattice studies are
presently not available for this purpose, we need to adopt some effective theory approach.
An effective theory of the large Nf QCD as a candidate for the walking technicolor has been given by the (ap-
proximately) scale-invariant nonlinear sigma model, including the non-zero fermion mass effects to be compared
with the lattice data [26].#2 In the chiral limit mf = 0 which is the case for the walking technicolor, this is a
version of the nonlinear sigma model consisting of N2f − 1 composite pseudo NG bosons living on the manifold
G/H = SU(Nf )L × SU(Nf)R/SU(Nf)V plus a composite flavor-singlet scalar, σ, or the dilaton φ = ln(σ/〈σ〉
(〈φ〉 = 0) with the decay constant Fφ = 〈σ〉, to realize the scale symmetry nonlinearly. In addition it possesses a small
explicit breaking of the scale symmetry in the form of the Coleman-Weinberg (CW) type log potential consisting only
of the dilaton (now becoming a pseudodilaton (technidilaton) identified with the 125 GeV Higgs), which reproduces
the trace anomaly in the underlying large Nf QCD (see [8] and the references therein). The appearance of the CW
type dilaton potential is already a good signal of the first-order phase transition.
In this work, however, we adopt a more conventional systematic approach towards this problem, based on the
perturbation for the linear sigma model as an effective theory of the large Nf QCD with Nf = 8.
#3 (For a different
approach based on the holographic walking technicolor, see [33]). The model has the same symmetry as the underlying
large Nf QCD, namely the chiral U(Nf )L×U(Nf )R symmetry together with the scale symmetry (without scalar mass
term) at classical level. These symmetries are spontaneously broken as well as explicitly broken by the chiral anomaly
and the trace anomaly at the quantum level in the underlying theory. Also in the linear sigma model it is possible
to break the scale and the chiral symmetry spontaneously at quantum level by the conventional CW mechanism now
consistently formulated in the perturbation at one loop in a large Nf version proposed by Gildener and Weinberg
(GW) [34, 35]. In the GW model, there exists a scale-invariant flat direction along the flavor-singlet field σ in the
classical potential at some renormalization scale, say µ
GW
, which makes the perturbation fully consistent. The flat
#2 For subsequent studies on the candidate effective theory for a light scalar boson in the large Nf QCD on the lattice, see Refs. [27–30]
via nonlinear realization and [31, 32] on the linear sigma model.
#3 The linear sigma model has an obvious advantage over the nonlinear sigma model as to the loop calculations which are vital to the study
of the gravitational waves from the phase transition due to the thermal loops. In fact the nonlinear sigma model is subject to many
extra arbitrary parameters associated with the loop-induced counter terms even at one loop and zero temperature, as is well-known for
the chiral Lagrangian for the hadron physics where such arbitrary parameters are actually estimated by a plenty of experimental inputs,
in sharp contrast to the present case lacking such experimental inputs.
3direction actually is lifted by quantum corrections at one loop, so that the spontaneous chiral and scale symmetry
breaking occurs in this direction, with the scale symmetry also broken explicitly as the trace anomaly due to the very
loop effects.
One striking feature in the GW mechanism is that the flavor-singlet scalar σ = eφ/〈σ〉 becomes a light scalar
(what they called “scalon”) after the symmetry breaking, which is nothing but a pseudodilaton φ, the pseudo NG
boson of the spontaneously broken scale symmetry (also explicitly broken by the trace anomaly). The CW potential
consists only of this pseudodilaton. We will in fact see that the CW potential obtained in the perturbation at the
effective theory level is consistent with the aforementioned scale-invariant nonlinear sigma model with the CW type
dilaton potential [26] based on the nonperturbative method, the ladder approximation/anti-Veneziano limit, in the
underlying large Nf QCD. Thus the free parameters in our model may be estimated, the quartic couplings < 1 and
〈σ〉 = Fφ ≃ 5 vEW ≃ 1.25 TeV (≫ vEW = 246 GeV), under matching with those of the CW type dilaton potential in
the Nf = 8 walking technicolor [26], which were well fit to the LHC data for the 125 GeV Higgs.
With the parameters so determined as bench mark values in the linear sigma model as an effective theory of the
large Nf QCD with Nf = 8, we find that in the corresponding walking technicolor we naturally obtain a very strong
first-order phase transition, thanks to the nature of the GW formulation of the CW, in sharp contrast to the SM. We
further find that this phase transition yields an ultra supercooling, from which a significant amount of the gravitational
wave signals can be produced to be tested in future experiments such as LISA and DECIGO.
It should be noted here that in our model it is not necessary to introduce an elementary Higgs scalar particle in
sharp contrast to the other composite Higgs boson scenarios such as dark QCD. Recent studies of the gravitational
wave signals from the first-order phase transition in composite Higgs models can be found in e.g. [36–40]. In most of
models, the thermal phase transition can occur in a two (or more)-dimensional field space, which makes the bubble
nucleation analysis more complicated. In our model, however we provide a simple mechanism that can exhibit the
electroweak symmetry breaking, together with a non-zero Higgs (pseudodilaton) vev.
The paper is organized as follow. In sec. II, the setup of our model will be shown, where the dilaton potential for
the singlet scalar can be obtained with a quantum effect. It is explained how our model is dedicated to be the effective
model of the walking technicolor model. In Sec. III, we study the finite temperature effect on the dilaton potential
for which we see a strong first-order phase transition. In Sec. IV, we investigate the bubble nucleation dynamics and
the gravitational wave spectra in this model. We also provides some discussion on the flavor non-singlet scalar mass
and show the corresponding phase diagram. Sec. V is devoted to a summary and concluding remarks. Some details
of the formulas for the external mass effects and the gravitational wave spectra are provided in Appendix A and B,
respectively. Throughout the paper all the numerical results are given with fixed Nf = 8. However our analytical
expressions given in terms of Nf are also applicable to generic Nf .
II. SCALE INVARIANT LINEAR SIGMA MODEL AND DILATON EFFECTIVE POTENTIAL
We consider a linear sigma model having U(Nf)L×U(Nf)R chiral symmetry as an effective theory of the underlying
largeNf QCD. A matrix ofNf×Nf denoted byMab is an effective scalar field, which transforms under chiral symmetry
of U(Nf)L × U(Nf )R as
M → gLMg†R, gL, gR ∈ U(Nf ). (1)
A basis of Nf × Nf Hermitian matrices T a(a = 0, · · · , N2f − 1) is used to become flavor diagonal, which satisfy the
following conditions as
Tr[T a, T b] = δab/2. (2)
Here T 0 = 1√
2Nf
1
Nf×Nf
is the non traceless matrix. The matrix field M can be decomposed as
M =
N2f−1∑
a=0
(sa + ipa)T a, (3)
where sa and pa are the N2f scalars (0
++) and N2f pseudoscalars (0
−+), respectively.
We consider the following renormalizable effective Lagrangian with classically scale invariance,
L = Tr[∂µM †∂µM ]− V0(M), (4)
4where V0 is the tree level potential given by U(Nf )L × U(Nf )R invariant forms,
V0 = f1
(
Tr[M †M ]
)2
+ f2Tr[(M
†M)2]. (5)
Since we assume that the chiral symmetry breaks down to the diagonal subgroup SU(Nf )L, it is natural to restrict
the vev to its hypersphere,
〈M〉 = T 0〈s0〉 = 1√
2Nf
1 · 〈s0〉. (6)
Following Ref. [34] let us briefly review the potential analysis at one loop level (see also [35] for the U(Nf )L×U(Nf)R
notation). If we have
f1 = −f2/Nf , f2 > 0, (7)
there is a stationary point of the potential with V0 = 0 for non-zero values forM . In particular, if we restrict the field
value of M to its radial component, the potential has a flat direction along the radial component which can always
be chosen to be s0 by the chiral rotation, with all the other field values set to zero.
The flat direction at tree level will be lifted by the quantum corrections, which generate a potential minimum for a
non-zero value of s0. As it was shown in Ref. [34], with suitable renormalization conditions it is possible to take the
value of the couplings such that f1 = − f2Nf at a scale µGW . Then the one loop potential V1 can be expressed as
V1(M) =
1
64π2
N2f−1∑
a=0
(
m4sa(M)
(
ln
m2sa(M)
µ2
GW
− 3
2
)
+m4pa(M)
(
ln
m2pa(M)
µ2
GW
− 3
2
))
, (8)
where m2sa and m
2
pa are the mass functions for scalars and pseudoscalars:
m2sa =
∂2V0(M)
∂(sa)2
, m2pa =
∂2V0(M)
∂(pa)2
. (9)
By setting pa = 0 and si = 0, we define the s0-dependent mass functions, which are given as
m2s0(s
0) = 0, m2si(s
0) =
(
f1 + f2
3
Nf
)
(s0)2 =
2f2
Nf
(s0)2,
m2pa(s
0) = 0, m2pi(s
0) = 0. (10)
As mentioned above, if the GW condition is satisfied, the tree level potential is flat for the direction s0, and the
effective potential for s0 is given
Veff(s
0) = Veff(M)|M→T 0s0 = (V0(M) + V1(M))|M→T 0s0
=
N2f − 1
64π2
m4si(s
0)
(
ln
m2si(s
0)
µ2
GW
− 3
2
)
, (11)
The stationary condition for s0 is obtained from the derivative of Veff(s
0),
0 =
∂Veff(s
0)
∂s0
∣∣∣∣
s0→〈s0〉
=
f22
4π2
N2f − 1
N2f
〈s0〉3
(
ln
m2si(〈s0〉)
µ2
GW
− 1
)
. (12)
Thus a nonzero vev for s0 is determined,
ln
m2si(〈s0〉)
µ2
GW
= 1 ⇒ 〈s0〉 =
√
eNf
2f2
µ
GW
. (13)
Due to no tree level contribution in the effective potential the stationary condition is only determined from the loop
correction, where the logarithmic term of a perturbative correction given by (ln
(
m2i (〈M〉)/µ2GW
)− 32 ) does not depend
5on the inverse power of f2 in contrast to a general CW potential, and stays small (O(1)). Therefore the perturbation
analysis should work.
Thus we see that for the flat direction along the radial component s0, the vacuum degeneracy can be lifted by the
quantum correction, which give rise to the mass of s0, which reads
m2s0 =
∂2Veff(M)
∂(s0)2
∣∣∣∣
M=〈M〉=T 0〈s0〉
=
f22
2π2
N2f − 1
N2f
〈s0〉2 = ef2
4π2
(
N2f − 1
Nf
)
µ2
GW
. (14)
Among the flavor non-singlet scalars si’s the iso non-singlet scalars#4 have a common positive definite mass, which
reads from Eq.(10) and Eq.(13):
m2si =
∂2Veff(M)
∂(si)2
∣∣∣∣
M=〈M〉
= m2si(〈s0〉) = eµ2GW . (15)
From Eq. (15) and Eq.(14) we have
m2s0
m2si
=
f2Nf
4π2
(
N2f − 1
N2f
) (
≪ 1 for f2Nf
4π2
≪ 1
)
, (16)
where the ’t Hooft coupling f2Nf is fixed in the anti-Veneziano limit Nc → ∞ with Nf/Nc = fixed (> 1) of the
underlying large Nf QCD.
As for the N2f pseudoscalars, p
a’s, they still remain massless due to the other flat directions, which correspond to
the pion fields (πa), the massless NG bosons of the chiral symmetry breaking U(Nf )L × U(Nf)R/U(Nf)V .
These massless NG bosons can have mass as follows: In the underlying large Nf QCD, the axial U(1)A anomaly
for the Nf fermions should be responsible for the mass of flavor-singlet ”η
′” , which could be even much heavier than
in the ordinary QCD particularly in the anti-Veneziano limit Nc → ∞ with Nf/Nc ≫ 1 (the limit corresponding to
the walking technicolor) [8], in good agreement with the preliminary lattice results [41]. Under this circumstance we
simply assume this η′ as super heavy to be decoupled in the linear sigma model treatment for Nf = 8 in the present
paper. #5 The rest of N2f − 1 NG bosons in the Nf = 8 one-family technicolor model are no longer massless; The
chiral symmetry SU(8)L×SU(8)R are explicitly broken down to SU(2)L×U(1)Y through the SM gauge interactions
(QCD and electroweak) and the ETC gauge interactions, so that 60 NG bosons acquire the mass (becoming pseudo
NG bosons), leaving us with only three of them which are of course eaten into W/Z bosons via the standard Higgs
mechanism [19]. Masses of all these 60 pseudo NG bosons are enhanced in the walking theory by the large anomalous
dimension γm ≃ 1 (see [8] and references therein). In this paper, instead of explicitly formulating these effects, we shall
employ a handy way by simply introducing ad hoc mass breaking at tree level into the linear sigma model in subsection
II B. Although it is very simple to illustrate the essential feature of the phase transition and the gravitational waves,
it has some phenomenological problem. For completeness we then demonstrate a more realistic soft breaking term in
the Farhi-Susskind one-family model with Nf = 8, which are free from such a problem.
A. Equivalence to the dilaton potential in the walking technicolor
We discuss the possibility that this light scalar s0 in the above frame may be regarded as the pseudodilaton, the
pseudo NG boson associated with the approximate scale invariance, which is nothing but a technidilaton in the context
of the walking technicolor.
In fact we notice that the scalar potential in Eq.(11) is equivalent to the CW-like dilaton potential for the walking
technicolor, Eq. (3) (with the spurion set to be S = 1) in Ref. [26],
L(2)hard = −
m2φF
2
φ
4
χ4
(
lnχ− 1
4
)
= − m
2
φ
4F 2φ
σ4
(
ln
σ
Fφ
− 1
4
)
, (Fφ ≡ 〈σ〉) (17)
#4 As for the iso-singlet scalars, the mass function is not positive definite for N ≥ 3 at one loop level. This problem can be avoided by
adding a small explicit breaking mass term, and we will discuss phenomenological implication of such effect.
#5 The effect of U(1)A breaking effect in the linear sigma model at tree-level has been recently discussed [31] to understand the lightness
of the singlet scalar on the lattice [41].
6where σ(x) ≡ Fφ · χ(x) with χ(x) ≡ eφ(x)/Fφ is a chiral singlet field with the canonical dimension 1 under the scale
transformation and is related to the dilaton field φ(x) s.t. 〈φ(x)〉 = 0 (〈χ(x)〉 = 1)),#6 with the dilaton decay constant,
Fφ(= 〈σ〉), and mφ(≃ 125 GeV) is the mass of the (pseudo) dilaton φ to be identified with the 125 GeV Higgs. It
indeed reproduces the PCDC relation
m2φF
2
φ = −Fφ〈0|∂µDµ|φ〉 = −dθ〈θµµ〉 = −dθ〈δDLS(2)hard〉 , (18)
with dθ = 4. The trace anomaly θ
µ
µ 6= 0 measuring the explicit breaking of the scale symmetry comes from the
spontaneous breaking of the chiral symmetry and the scale symmetry in the scale-invariant dynamics (ladder SD
equation, a` la anti-Veneziano limit) for the underlying large Nf QCD, which generates the spontaneous breaking
mass scale actually provided by the cutoff regulator or the renormalization point. See [8] and references therein. #7
Now for the present case of the linear sigma model we may write σ2 = 2Tr(M †M), with σ being the field in the
ray (radial) direction in the tree potential as in the GW arguments and actually the same field as σ in Eq.(17) to
be obviously chiral singlet having the canonical scale dimension 1. The trace expression can always be rotated into
2Tr(M †M)→ (s0)2 by the chiral transformation into a particular frame si, pa → 0, so that σ2 = (s0)2, namely we can
identify σ with s0. Thus the two free parameters f2 and 〈s0〉 (or, µGW ) in our model are related to the dilaton mass
ms0 = mφ ≃ 125 GeV and its decay constant Fφ = 〈s0〉 in the dilaton potential. The value of Fφ of a technidilaton
as the 125 GeV Higgs, mφ = 125 GeV, is estimated [8] through the best fit to the LHC data for the 125 GeV Higgs
as Fφ ≃ 1.25TeV ≃ 5 vEW (Nf = 8, Nc = 4), which is also consistent with the ladder estimate for the trace anomaly
〈θµµ〉 = 4〈θ00〉 and vEW in the large Nf QCD.
Comparing Eq.(17) with Eq.(11), we find the following identifications for Nf = 8 in the frame mentioned above:
s0 = σ = Fφ · eφ/Fφ , 〈s0〉 = 〈σ〉 = Fφ ≃ 5 · vEW ≃ 1.25TeV,
f22 = 2π
2
m2φ
F 2φ
N2f
N2f − 1
≃ (0.45)2 ≪ 1, (19)
where the numerical values for Fφ and f2 are for the best fit value to the LHC data for the 125 GeV Higgs mentioned
above, and will be our bench mark value in the later discussions. Thus s0 (more precisely the frame-independent
radial field σ, the flavor singlet scalar) plays a role of the pseudodilaton φ = ln(σ/〈σ〉) as originally referred to as
“scalon” in Ref. [34]. Note that F 2φ ∼ NfNc ∼ N2f in the anti-Veneziano limit of the underlying large Nf QCD and
hence f2Nf = fixed in that limit.
#8
Thus the same symmetry relation should hold in our potential. Our result indicates that the low energy effective
theory of large Nf QCD can be approximately described by a linear sigma model having the scale invariance in the
weak coupling regime f2 ≃ 0.45(< 1) and |f1| = | − f2/Nf | ≃ 0.056≪ 1, where the perturbative picture works at the
composite level.
For discussing the electroweak phase transition, one might literally gauge the linear sigma model kinetic term
in Eq.(4), with the electroweak W/Z bosons, in which case the W/Z boson mass scale would be given by 〈s0〉 =
v
EW
= 246GeV in apparent contradiction with our bench mark value 〈s0〉 = Fφ ≃ 5 vEW in Eq.(19). However, the
contradiction is avoided by noting that Eq.(19) is based on the dilaton effective theory in Ref. [26], whose kinetic term
is
L(inv)(2) =
F 2φ
2
(∂µχ)
2 +
F 2pi
4
χ2Tr
[
∂µU∂
µU †
]
, U(x) ≡ exp
(
2iπ(x)
Fpi
)
, π(x) ≡
N2f−1∑
i=1
πi(x)T i . (20)
where Fpi is the decay constant of NG boson π to be eaten into W/Z (U(1)A is explicitly broken by the axial
anomaly in the underlying theory and is irrelevant to the W/Z mass anyway). This has the scale symmetry and chiral
SU(Nf)L × SU(Nf )R, both spontaneously broken, the same symmetry structure as that in the underlying large Nf
QCD, where Fφ is in general different from vEW =
√
Nf/2 ·Fpi as shown in the ladder calculations a` la anti-Veneziano
#6 The scale (dilatation) transformations for these fields are δDσ = (1 + x
µ∂µ)σ, δDχ = (1 + x
µ∂µ)χ, δDφ = Fφ + x
µ∂µφ. Although χ is
a dimensionless field, it transforms as that of dimension 1, while φ having dimension 1 transforms as the dimension 0, instead.
#7 The same effective potential was directly derived in the the “quenched QED4” [42] up to trivial factors of Nc and Nf , resulting in the
same PCDC relation.
#8 For our bench mark value in Eq.(19), we would have m2
s0
/m2
si
≃ (0.3)2. Within the linear sigma model, this hierarchy can be further
enlarged by introducing a large tree-level explicit mass term for pa mocking up the explicit breaking due to the SM and ETC gauge
interactions in the walking technicolor. See the next subsection.
7limit. Indeed the kinetic term of π(x) in Eq.(20) is normalized to be canonical for any value of Fpi .
#9 Actually,
after the spontaneous symmetry breaking due to the log potential arising from quantum corrections, the linear sigma
model kinetic term Eq.(4) may no longer be valid generically, particularly for the NG boson parts irrelevant to the
potential, which is given by the second term in Eq.(20) as a most general effective theory of the underlying theory.
Based on Eq. (20), the dilaton condensate 〈s0〉 at zero temperature vacuum is not identified with the electroweak
scale v
EW
=
√
Nf/2 · Fpi = 246 GeV and taken to be much higher dilaton scale (Fφ ∼ O(1) TeV) favored in the
walking technicolor model [8]. By using Fφ, the top quark mass squared is expressed as
m2t =
yt
2
v2
EW
=
yt
2
v2
EW
m2φ
m2φ
F 2φ
〈s0〉2 , (21)
where yt ∼ O(1) denotes the top Yukawa coupling. In comparison, the squared mass of the flavor non-singlet scalars,
which are the degrees of freedom contributing to the effective potential, reads,
m2si =
2
√
2π
Nf
√
N2f
N2f − 1
mφ
Fφ
〈s0〉2 , (22)
using Eqs. (10) and (19). For Nf = 8, m
2
si ∼ O(1) × (mφ/Fφ)〈s0〉2. Comparing this with Eq. (21), the top quark
mass squared is found to be much smaller: m2t/m
2
si ∼ O(mφ/Fφ)≪ 1. The same order counting holds in the squared
masses of W and Z bosons compared with m2si . Note that the effective potential at zero temperature is proportional
to the fourth power of masses (m4
X
, X = t or si), and the absolute value of the thermal function JB/F (c.f. Eqs. (38)
and (55)) is an increasing function of its argument m2
X
/T 2. Therefore, the SM contribution to the effective potential
is subdominant. Moreover, the degrees of freedom of top quarks (= 12) and weak bosons (= 6 + 3) are smaller than
those of the flavor non-singlet scalars N2f − 1 = 63. This results in further suppression of the top quark and weak
boson effects. In Sec. IVC1, we will numerically confirm that the top quarks do not modify the qualitative feature
of gravitational waves in our model.
B. Soft chiral and scale symmetry breaking term
As mentioned earlier, the large Nf QCD in the walking regime would produce many massless NG bosons for the
spontaneously broken large chiral symmetry U(Nf )L × U(Nf )R, so does our linear sigma model with massless N2f
pseudoscalar pa. In the underlying large Nf QCD, the flavor-singlet one “η
′” should acquire mass form the axial
anomaly. When the theory is applied to the actual walking technicolor coupled to the SM gauge and ETC gauge
interactions, these gauge interactions break explicitly the large chiral symmetry to give mass to other pseudoscalar
NG bosons. In the case at hand Nf = 8, while the three among the rest 63 NG bosons should be eliminated by the
Higgs mechanism of the gauged SU(2)L×U(1)Y symmetry, all the remaining 60 NG bosons should obtain mass from
the SM and the ETC gauge interaction similarly to the π+−π0 mass difference in the usual QCD [19]. Although these
couplings are weak to be perturbative, the large anomalous dimension γm ≃ 1 of the walking technicolor enhances all
these masses to the TeV scale. For details see Ref. [8] and the references cited therein.
In the following analysis, instead of discussing these effects explicitly, here we consider an extension of the potential
by simply adding some tree level mass term in the potential mocking up these explicit breakings. (For a study of the
SM contributions to mass terms in the (non-conformal) linear sigma model, see Ref. [43]). Among various possibilities
#9 The linear sigma model kinetic term Eq.(4) corresponds to only a particular choice Fpi = Fφ/
√
Nf/2, where Eq.(20) rewritten in terms
of M˜ = σT 0 · U = FφχT
0 · U takes precisely the same form as Eq.(4) for M . Alternatively, any complex matrix M can be written in
the polar decomposition M = H · U , where H =
∑N2f−1
a=0 s˜
aTa is the Hermitian matrix and U the unitary to be identified with the
U in Eq.(20), then Tr[∂µM†∂µM ] = Tr[(∂µH)2] + Tr[H2∂µU∂µU†]. Although H contains massive N2f − 1 flavor non-singlet scalar
{si} ∼ {s˜i} in addition to the light singlet scalar (pseudodilaton) s0 ∼ s˜0, these massive components may be ignored in the decoupling
limit as to set H ∼ s0T 0 = FφχT
0 at one loop (at higher loops in that limit, counter terms of the high dimensional operators will
destroy such a simplest result, leading to the generic case Eq.(20)).
8of the chiral symmetry breaking mass terms, we consider the following mass term #10
Vsoft =
(∆mp)
2
2
N2f−1∑
a=0
(pa)2. (23)
Then the tree-level potential is given by V (M) = V0(M)+Vsoft(M). Compared with Eq. (10), the s
0-dependent mass
functions for this model at tree level modify only pa part
m2pa(s
0,∆mp) = (∆mp)
2, (24)
while not s0 and si:
m2s0(s
0,∆mp) = 0, m
2
si(s
0,∆mp) =
2f2
Nf
(s0)2. (25)
Note that this explicit breaking pa mass term in Eq.(23) is completely different from the conventional one in the
linear sigma model (mocking the quark mass breaking),
Vm = −cσ = −cs0,
(
c = (∆mp)
2〈s0〉) , (26)
which yields via stationary condition the same term as Eq.(23) but also affects the mass of s0 already at tree level in
sharp contrast to Eqs.(24) and (25). Eq.(23) thus resembles the explicit chiral symmetry breakings by the SM gauge
and ETC gauge interactions which give mass to the pseudo scalar NG bosons (technipions) while not affecting the
mass of the technidilaton as the Higgs s0 = σ.
At one loop level, we immediately see that this explicit breaking Eq.(23) does not change the stationary condition
and the mass for s0 from the original potential, since there is no s0 dependence in the mass functions for the
pseudoscalars (no (s0)2(p(a))2 couplings under the GW condition Eq.(7)) and the mass functions for the scalars are
the same even at one loop.#11 Hence even at one loop the mass of s0 is not affected by the explicit breaking Eq.(23)
and remains the same as Eq.(14):
m2s0 =
f22
2π2
N2f − 1
N2f
〈s0〉2 = ef2
4π2
(
N2f − 1
Nf
)
µ2
GW
. (27)
Thus the mass of the Higgs s0 = σ is not affected by this explicit breaking Eq.(23) at quantum level, similarly to the
explicit breaking by the SM and ETC gauging in the Nf = 8 technicolor model.
On the other hand, this potential gives additional mass to the non-singlet scalars through the quantum effect. Then
the other mass spectra are modified as follows
m2si =eµ
2
GW
+
f2
32π2
{
2Nf(∆mp)
2
(
ln
(
(∆mp)
2
µ2
GW
)
− 1
)
+ ef2µ
2
GW
(
9 + ln
(
(∆mp)
2
µ2
GW
))N2f−1∑
j=1
(djji)
2
}
m2p0 =(∆mp)
2 +
4f2
32π2
(
N2f − 1
Nf
)
(∆mp)
2
(
ln
(
(∆mp)
2
µ2
GW
)
− 1
)
m2pi =(∆mp)
2 +
f2
32π2
(
2Nf − 4
Nf
)
(∆mp)
2
(
ln
(
(∆mp)
2
µ2
GW
)
− 1
)
, (28)
#10 While the above-mentioned SM and ETC gauge interactions leave the three NG bosons be exact massless to be eaten into W/Z bosons,
this mass term gives mass also to such NG bosons. However, for the purpose of the present paper to see the phase transition nature of
the scalar sector relatively independent of W/Z mass generation, this would not be a serious problem. For completeness we shall later
present a refined treatment on Eq.(23) in a concrete case of Nf = 8 in the Farhi-Susskind model, which yields the same explicit breaking
as that due to the SM and ETC gauging to keep massless the three NG bosons to be eaten into W/Z bosons, while giving mass to all
other 61 NG bosons without affecting the Higgs mass.
#11 One might suspect that Eq.(23) would change in principle the mass of Higgs as the pseudodilaton s0 = σ, since it breaks the scale
symmetry explicitly. Although it in fact gives an additional contribution to the trace anomaly θµµ , the PCDC relation relevant to
〈θµµ〉 , Eq.(18), is actually unchanged and so is the mass of s
0 = σ as the Higgs, since the additional contributions to the relation are
〈∆θµµ〉 ∼ 〈(p
(a))2〉 = 0. This is indeed consistent with the explicit one loop calculations given here.
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FIG. 1: ∆mp dependent mass ratio for Nf = 8 with f2 = 0.45.
where dijk is the totally symmetric tensor
dijk = 2Tr[{T i, T j}T k], (29)
for the generators of SU(N). As shown here, we see that the iso-singlet scalar mass can be negative in the vicinity of
the zero mass ∆mp → 0, since only the iso-singlet sector has a non-zero value for djji, a log term which is proportional
to diij becomes infinite in the limit ∆mp → 0. Thus the mass function for the iso-singlet (not flavor-singlet) scalar
becomes well defined if ∆mp > µGW for Nf > 2.
The resulting mass ratios obtained from the explicit mass terms are shown in Fig. 1 As shown here, a large mass
hierarchy between the flavor singlet and non-singlet scalar masses is obtained without a tree-level scalar mass. While
both the mpi and msi have a linear dependence on the mass (∆mp)
2, the coefficient for msi is suppressed by a
one-loop factor compared to ∆mp. Following again [26], let us assume that s
0 ∼ σ can be regarded as the pseudo
dilaton, which corresponds to the Higgs boson with mass 125 GeV in SM, and the vev 〈s0〉 = 〈σ〉 corresponds to the
dilaton decay constant Fφ. As increasing ∆mp we see a large mass hierarchy between light pseudo dilaton and the
others. Assuming ∆mp ∼ Fφ ≃ 1.25 TeV as a typical new physics scale beyond SM, we can obtain a mass of O(1)
TeV for technihadrons.
Thus the simple-minded explicit breaking Eq.(23) mocks up the explicit chiral symmetry breaking due to the SM
and ETC gauging in the ETC model, in the sense that it gives mass to the NG bosons pa’s without changing the
Higgs mass σ = s0. Although it is enough for the present paper to study of the phase transition relevant to the
gravitational waves, however, as noted before (see footnote #10) the resultant NG boson mass, Eq(24) and (28), also
includes non-zero mass of the 3 NG bosons required massless so as to be eaten into W/Z bosons. This as it stands is
a phenomenological disaster.
For the sake of the reader’s concern on this point, we now discuss a more realistic model of the walking technicolor,
e.g., the Farhi-Susskind one-family model with Nf = 8 [19], in which we can explicitly construct a (though somewhat
complicated) desired breaking term without such a problem as in Eq.(23). In this case the chiral symmetry is
SU(2ND)L × SU(2ND)R, where ND = Nf/2 = 4, the number of the weak doublets consisting of three techniquark
Qc (c = 1, 2, 3) and one technilepton doublet L. It is convenient to use a different basis of the following generators
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Xa (a = 0, · · · , 63) of U(8) Lie algebra [19, 44],
X0 =
1
4
18×8,
X1 = XP =
1
4
√
3
(
16×6 0
0 −3 · 12×2
)
, Xa=2,3,4 = X iP =
1
2
√
3
(
τ i ⊗ 13×3 0
0 −3 · τ i
)
,
Xa=5,··· ,12 = Xθi =
1
2
√
2
(
12×2 ⊗ λi 0
0 0
)
, Xa=13,··· ,36 = X iθj =
1√
2
(
τ i ⊗ λj 0
0 0
)
,
Xa=37,38,39 = X
(1)
Tc =
1
4
(
0 12×2 ⊗ ξc
12×2 ⊗ ξ†c 0
)
, Xa=40,41,42 = X
(2)
Tc =
1
4
(
0 −i · 12×2 ⊗ ξc
i · 12×2 ⊗ ξ†c 0
)
,
Xa=43,··· ,51 = X(1)iTc =
1
2
(
0 τ i ⊗ ξc
τ i ⊗ ξ†c 0
)
, Xa=52,··· ,60 = X(2)iTc =
1
2
(
−iτ i ⊗ ξc
iτ i ⊗ ξ†c
)
,
Xa=61,··· ,63 = X ieaten =
1
2
(
τ i ⊗ 13×3 0
0 τ i
)
, (30)
where ξc is the three-dimensional unit vector for SU(3)color, and τ
i and λi are the Pauli and Gell-Mann matrices,
respectively. The generators have the same normalization of T a as
Tr[Xa, Xb] = δab/2. (31)
The technipions πa constructed from pa can be classified by the weak iso-spin and the color charges as follows,
63∑
a=0
πa(x)Xa =p0X0 + PXP +
3∑
i=1
P iX iP +
8∑
j=1
θjXθj +
3∑
i=1
8∑
j=1
θijX
i
θj
+
3∑
c=1
3∑
i=1
[
T (1)ic X
(1)i
Tc + T
(2)i
c X
(2)i
Tc
]
+
3∑
c=1
[
T (1)c X
(1)
Tc + T
(2)
c X
(2)
Tc
]
+
3∑
i=1
πieatenX
i
eaten, (32)
where πieaten(x) are the unphysical NG bosons, which should be eliminated by the Higgs mechanism of the gauged
SU(2)L × U(1)Y symmetry. It is known that in the one-family model the remaining 61 NG bosons (60 NG bosons
plus one singlet pseudoscalar) should be massive due to the the SM and ETC interactions which break the full chiral
symmetry. We then consider modeling of the pseudo NG boson masses by adding chiral symmetry breaking mass
terms,
Vsoft =
(∆mp0)
2
2
(p0)2 +
(∆mP )
2
2
(P )2 +
(∆mθi)
2
2
8∑
i=1
(θi)
2 +
(∆mθi)
2
2
3∑
i=1
8∑
j=1
(θij)
2 +
(∆mθi)
2
2
3∑
i=1
8∑
j=1
(θij)
2
+ (∆mTc)
2
3∑
c=1
|Tc|2 + (∆mT ic )2
3∑
c=1
3∑
i=1
∣∣T ic ∣∣2 , (33)
where T ic and Tc are the color-triplet technipions,
Tc =
T
(1)
c − iT (2)c√
2
, T ic =
T
(1)i
c − iT (2)ic√
2
. (34)
Again we note that the soft mass terms should have a different origin from the effect of the current technifermion
masses which give rise to a conventional linear term of in the potential Eq.(26). Comparing Eq.(33) with Eq. (23),
we have non-degenerate mass parameters for the technipion. In the typical walking technicolor with γm ≃ 1, the
scale of the masses for 61 NG bosons are of order of TeV, see [8] and references therein for details. Having such soft
mass parameters we may have a rich hadron structure for the masses of the non-singlet scalars (si=1,··· ,63) and the
pseudoscalars (pi=0,··· ,60). The remaining NG bosons πieaten stay massless at tree-level, to be eaten into W/Z bosons
as desired.
As in the case of Eq. (23), owing to the quadratic form of the soft breaking terms, the s0-dependent mass functions
for the scalars do not depend on the tree-level technipion mass parameters, and the mass functions m2pa do not
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depend on s0. Therefore in our model the additional potential term Vsoft does not change the dilaton potential given
in Eq. (17) at the one loop level, and the dilatonic nature of the flavor singlet scalar:
∂Veff
∂s0
∣∣∣∣
s0=0
= 0,
∂2Veff
∂(s0)2
∣∣∣∣
s0=0
= 0, (35)
remains intact.
From the result, we can expect that the first-order phase transition at finite temperature can naturally occur since
a positive quadratic curvature at the origin can be easily generated through the thermal effect. We will examine the
thermal phase transition for the dilaton potential in the next section. We also note that the perturbative correction
of the logarithmic term is small in the effective potential for the radial direction Veff(s
0 ∼ σ)
Veff =
N2f − 1
64π2
m4si(s
0)
(
ln
m2si(s
0)
µ2
GW
− 3
2
)
+ C, (36)
where C is a constant, so that the GW mechanism still works even if we have an additional parameter (∆mp)
2.
III. FINITE TEMPERATURE POTENTIAL AND ELECTROWEAK PHASE TRANSITION
In this section we investigate the effective potential at finite temperature T [45, 46] and study the thermal phase
transition of the chiral and scale symmetry. To evaluate the finite temperature effective potential, we use the one
loop contribution of the thermal effect V1,T (s
0, T )
V1,T (s
0, T ) =
T 4
2π2
N2f−1∑
a=0
{
JB
(
m2sa(s
0,∆mp)/T
2
)
+ JB
(
m2pa(s
0,∆mp)/T
2
)}
, (37)
where JB is the bosonic thermal function
JB(x) =
∫ ∞
0
t2 ln
(
1− e−
√
t2+x
)
dt . (38)
We directly evaluate Eq. (38) without expanding in its argument m2sa/T
2. It is known that usual perturbative
expansion valid at zero temperature will break down at high temperature where the higher loop contributions, in
particular quadratic divergent loops (daisy diagrams), can not be neglected. We include the daisy diagrams which
correspond to replace the mass functions in both zero and finite temperature effective potential (V1 and V1,T ) with
the effective T -dependent masses,M2si(s0,∆mp, T ) = m2si(s0,∆mp) + Π(T ), where,
Π(T ) =
T 2
6
(
(N2f + 1)f1 + 2Nff2
)∣∣∣
f1=−f2/Nf
, (39)
is the one-loop self-energy in the infrared limit in the leading order of the high temperature expansion ∝ T 2 [47]. (For
a pedagogical review, see [48]).
Using the mass functions given in Eq. (24), the total effective potential Veff(s
0, T ) with the daisy diagrams is given
as
Veff(s
0, T ) =
N2f − 1
64π2
M4si(s0,∆mp, T )
(
ln
M2si(s0,∆mp, T )
µ2
GW
− 3
2
)
+
T 4
2π2
(N2f − 1)JB
(M2si(s0,∆mp, T )/T 2)+ C(T ) . (40)
Here again C(T ) is a temperature dependent constant, which includes the pseudoscalar contributions. We note that
C(T ) does not affect the phase transition dynamics, since the mass functions for pseudoscalars do not depend on s0.
In the following, we use this effective potential to investigate the gravitational wave signal in the electroweak phase
transition.
As will be shown later, the chiral phase transition described by our effective potential is of very strong first-
order with a supercooling follows; The broken phase nucleation takes place at much lower temperature (Tn) than
critical temperature Tcr at which the broken and symmetric vacua equilibrate. One might be skeptical of using the
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daisy improved potential for a system at T = Tn ≪ Tcr because it partly includes the high-temperature expression of
Eq. (39). This problem was addressed in the recent work [40] in a different model of the conformal symmetry breaking,
and the daisy improved potential was consistent with the potential derived without recourse to high-temperature
assumption at T ∼ Tn, as long as the high temperature expansion is not performed for the thermal function JB.
Therefore, we assume the applicability of the daisy improvement at T = Tn and provide some discussions in Sec. IVC.
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FIG. 2: (Left) Effective potential (∆Veff ≡ Veff(s
0, T )− Veff(0, T )) for various temperature. The red and blue lines represent
the potential at T = Tcr = 139 GeV and zero temperature, respectively. (Right) The vev 〈s
0〉 (red squares) and dilaton mass
ms0 (blue circles) determined at the potential minimum as a function of temperature.
In the left panel of Fig. 2, we show our effective potential for various temperature with the benchmark value of the
dilaton decay constant: Fφ = 1.25 TeV. The zero temperature potential (blue line) is well-defined (no negative mass
in logarithm) for any value of s0 and flat (zero curvature) near the origin. This is a typical feature of the dilaton-type
potential and contrasted sharply with a usual one loop potential with a negative mass squared at classical level. The
potential monotonically decreases till the minimum and does not possess any barrier at T = 0. This property persists
at finite temperature unless it exceeds a small threshold value. Therefore, in the cooling and expanding universe,
the symmetric phase does not survive in the end, and the cosmological phase transition should complete at certain
temperature. Thus, our model does not suffer from the graceful-exit problem which is recently discussed in the context
of the first-order electroweak phase transition [49].
With increasing temperature, the potential shape evolves to a double-well structure and two vacua get equilibrated
at T = Tcr ≃ 139 GeV (red line) where the first-order chiral phase transition takes place. The right panel of Fig. 2
shows the corresponding vev (red squares) and dilaton mass (blue circles) as a function of temperature. The strength
of the transition is found to be very strong, 〈s0(Tcr)〉/Tcr ≃ 8.1≫ 1, and strong gravitational waves are created and
detectable by LISA project as shown in the next section. As mentioned in Sec. II B, the dilaton-type potential in
Eq. (11) does not have quadratic negative curvature at the origin and small finite temperature effects immediately
create a shallow potential barrier far separating two vacua. Therefore, it naturally follows as a dilaton-like potential
that its phase transition becomes strong first-order.
The dilaton mass ms0 (blue points in the right panel) is 125 GeV at T = 0, and decreases for larger T in the broken
phase, and shows a singular behavior at the critical temperature Tcr. In the symmetric phase, ms0 starts increasing
due to the thermal mass effects Π(T ) given in Eq. (39).
IV. BUBBLE NUCLEATION AND THE GRAVITATIONAL WAVE SIGNAL
In this section, we investigate the spectrum of the stochastic gravitational waves h2ΩGW(f), (h = Hubble constant
today/100, f = frequency) which results from the first-order phase transition shown in the previous section. In
principle, h2ΩGW(f) could be obtained by solving Einstein equation; The matter sector is specified to the energy
momentum tensor for the dilaton and the plasma velocity fields with the equation of state derived by the effective
potential. However, we do not adopt this strategy but utilize the formulas shown in Appendix B; The f dependence of
the h2ΩGW has been known in the literature (see Ref. [50] and references are therein), and the remaining ambiguities
are only three bulk parameters (T∗, α, β˜). Here, T∗ denotes the temperature when the gravitational waves are produced.
The parameters α and β˜ are associated with the latent heat and the bubble nucleation rate, respectively. In the
following subsections, we explicitly define and calculate them by using our effective potential, and compare the
obtained gravitational wave spectra with the LISA sensitivity curves.
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A. Bubble nucleation with supercooling
The phase transition taking account of the bubble nucleation dynamics in the expanding Universe is referred to
as the cosmological phase transition, which has been studied in [51–53]. It is important to calculate the action of
the bounce solution of the dilaton field in the early universe, which characterizes the bubble nucleation through the
vacuum tunneling. We start from the bubble nucleation probability per unit volume/time (Γ) given by
Γ = a(T )e−SE(T ), (41)
where SE(T ) is the Euclidean action describing the bubble dynamics at T . At finite temperature, it can be approxi-
mately represented as SE = S3/T , where S3 is the three dimensional Euclidean action,
S3(T ) =
∫
d3x
[1
2
(
∂is
0(x, T )
)2
+ Veff
(
s0(x, T ), T
)]
. (42)
The bubble nucleation temperature (Tn) is defined as a temperature at which the nucleation rate Γ normalized by
the Hubble expansion rate at finite temperature H(T ) becomes order 1: Γ(Tn)/H
4(Tn) ∼ 1. Since the prefactor a(T )
in Eq. (41) is proportional to T 4, the nucleation condition is rewritten as
S3(Tn)
Tn
≃ 4 log
[ Tn
H(Tn)
]
∼ 140 , (43)
where,
H(T )2 =
8πGN
3
ρrad(T ) , ρrad(T ) =
π2T 4g∗(T )
30
, (44)
with GN and g∗(T ) being the Newton constant and the effective degrees of freedom in the plasma, respectively. We
will find Tn ≪ Tcr and only SM degrees of freedom are active at T = Tn: g∗(Tn) = 106.75. In Eq. (43), the logarithm
term is solely determined by the Newton constant GN and almost independent of T , and thus approximated as 140
as indicated by the second equality [48].
From the fact that the universe is expanding, the nucleation temperature Tn becomes smaller than the critical
temperature Tcr at which the phase transition sets in (two vacua equilibrate). This is particularly true for the strong
first-order phase transition where a strong supercooling holds (Tn ≪ Tcr). After the broken phase nucleation, the
latent heat is released and the suppercooled universe is reheated (T → T∗). Through the above process, the stochastic
gravitational waves are generated and red-shifted up until today. The spectrum is characterized by the reheating
temperature T∗ (c.f., Eq. (51)) with a red-shift factor and two parameters (α, β˜) as shown in Appendix B. The
parameter α represents a normalized latent heat (∆ǫ(T )) determined at the nucleation temperature,
α(T ) =
∆ǫ(T )
ρrad(T )
, α ≡ α(Tn) , (45)
where the radiation energy density ρrad is defined in Eq. (44). The latent heat ∆ǫ is calculated from the effective
potential as
∆ǫ(T ) = −∆Veff(T ) + T d
dT
∆Veff(T ) , (46)
where ∆Veff(T ) is the difference of the effective potential at true and false vacua. Needless to say, ∆ǫ can be defined
when two vacua coexists. A stronger first-order phase transition results in a larger latent heat, and thereby, a stronger
gravitational wave signal.
Another parameter β˜ is related to the expansion coefficient of (S3/T ) around the bubble nucleation time t = tn,
(S3/T )t ≃ (S3/T )tn − β(t− tn) , β = −d(S3/T )
dt
∣∣∣
t=tn
. (47)
By definition, β measures how rapidly a bubble nucleates. In the expanding Universe, the normalized β,
β˜ ≡ β
H(Tn)
= Tn
d
dT
(
S3
T
)∣∣∣∣
T=Tn
. (48)
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is the relevant measure. The peak frequency of the gravitational wave is proportional to the parameter β˜.
In order to obtain β˜, one must determine the spatial dilaton field configuration s0(x) and evaluate the three dimen-
sional effective action S3/T given by Eq. (42). We assume the spherical configuration s
0(r) with r =
√
x2 + y2 + z2.
The relevant configuration is the bounce solution of the equation of motion derived from Eq. (42),
d2s0b(r, T )
dr2
+
2
r
ds0b(r, T )
dr
− dVeff(s
0
b , T ))
ds0b
= 0 , (49)
with the boundary condition of
2
r
ds0b(r)
dr
∣∣∣∣
r=0
= 0 , s0b(r)|r=∞ = 0 . (50)
Here, r = 0 correspond to the center of the bubble. We obtain the bounce solution numerically by using the
overshooting/undershooting method. By tuning T , we obtain the bounce action S3(T ) at T = Tn, which satisfies the
condition of Eq. (43).
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FIG. 3: (Left) Bounce solution in Eq. (49). Each line shows a solution at different temperature. The red line corresponds to
the solution which satisfies the nucleation condition Eq. (43). (Right) The (S3/T )− 140 as a function of temperature T . The
vanishing point at T = Tn = 11.15 is associated with the red line in the left panel.
In the left panel of Fig. 3, we plot the bounce solution of the differential equation Eq. (49) for Fφ = 1250 GeV.
Each line shows a solution at different temperature. The orange line is the highest temperature solution in the figure,
and the large portion of s0b(r) distributes at small r, indicating a small bubble. As the Universe cools down, the s
0
b(r)
gradually distributes at larger r. We find the bounce solution which satisfies the nucleation condition Eq. (43) when
temperature becomes T = Tn = 11.15 GeV (red line), at which the gravitational waves are created. Thus, the strong
supercooling Tn ≪ Tcr = 139 GeV holds. At smaller temperature, the bounce solution extends to a larger r region as
shown by the navy line. In the right panel, ((S3/T )− 140) is plotted as a function of temperature T . The vanishing
point is found at T = Tn = 11.15 GeV, where the slope multiplied by Tn gives the parameter β˜ defined in Eq. (48).
From the nucleation temperature and the latent heat, we evaluate the reheating temperature as [54]
T∗ = Tn(1 + α)1/4 . (51)
In the recent works [49, 55, 56], it is proposed to determine the (T∗, α, β˜) from a percolation temperature Tp instead
of the nuclation temperature Tn. It is known that the Tp is comparable or even smaller than the Tn. We expect
that the correction by the replacement of Tn → Tp would be negligible in the gravitational wave spectrum because of
the following consideration. In our model, there is a threshold temperature Tmin below which the potential barrier
disappears. This gives a lower bound of the Tp. Conservatively, we have investigated the impact of the replacement
of Tn → (1 + δ)Tmin with δ ≪ 1, and confirmed that the correction to the peak frequency of the gravitational wave
signal is less than 9% and 7% for Fφ = 1000 GeV and 1250 GeV, respectively. The correction to the strength at the
peak frequency is negligible.
We summarize the results for (Tn/Fφ, T∗/Fφ, α, β˜):
(Tn/Fφ, T∗/Fφ, α, β˜) = (0.025, 0.073, 69.5, 128.1) , (Fφ = 1000 GeV) ,
(Tn/Fφ, T∗/Fφ, α, β˜) = (0.009, 0.065, 2811.6, 87.5) , (Fφ = 1250 GeV) . (52)
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In Ref. [50], the benchmark values of (α, β˜) are shown for various models. Most of models give α <∼ O(0.1). In
comparison, our α is much larger, particularly for Fφ = 1250 GeV, and thus the strong gravitational wave signal is
expected.
B. Numerical results of gravitational wave spectrum
In the cosmological first-order phase transition, the gravitational wave signal h2ΩGW is known to be created via
the three processes, that is, the broken phase bubble collisions, the sound waves in the plasma, and the magnetohy-
drodynamics (MHD) turbulence in the plasma. The corresponding spectra are denoted as h2Ωφ, h
2Ωsw, and h
2Ωturb,
respectively, and the formulas to calculate them are summarized in Appendix B.
The scalar contribution h2Ωφ is dictated by the bubble wall velocity (vw). Until the recent development [57],
it was usually assumed that the bubble walls in the strong first-order transition can be accelerated without bound
and run away with the speed of light (vw → 1, the runaway bubbles in vacuum) [58] and the h2Ωφ could have a
significant contribution to the total spectrum h2ΩGW. However, more advanced study [57] argues that the higher-
order corrections to the friction term prevent the bubble wall from becoming runaway, and the runaway bubbles seem
unlikely in the thermal phase transition [59, 60]. For the strong phase trantision with a large value of α > 1, the
bubble velocity is still approximated by the speed of light vw ≃ 1 but considered as a non-runaway for which the
scalar contribution h2Ωφ is no longer the dominant source of the gravitational wave signals (see e.g. [40, 61]). We
assume that this is the case since we have obtained a large value of α≫ 1 with strong supercooing (see Eq. (52)).
The dominant source now becomes the sound wave contributions h2Ωsw which arise from the fluid dynamics [62–66].
As seen in Eq. (B4), h2Ωsw is characterised by the fraction (κv) of the released latent heat that goes to the plasma
bulk motion. In our case with non-runaway bubbles whose velocity is close to the runaway, κv is approximately given
as
κv ≃ α(0.73 + 0.083
√
α+ α)−1 , (53)
for α > 1 [67]. The gravitational waves for a smaller vw with α <∼ O(1) will also be studied in the next subsection by
using the modified expression of κv.
For the turbulence contribution h2Ωturb, we use a form modeled by [68, 69] based on the Kolmogorov-type turbu-
lence [70]. The parameter κturb in Eq. (B6) describes the fraction of the released latent heat that goes to the turbulent
motion of the plasma. A numerical simulation suggests κturb ∼ ǫκv with ǫ = 0.05 − 0.1 [63], and we adopt ǫ = 0.05
in our analysis.
Fig. 4 presents our results for the gravitational wave signals from the contributions of the sound waves and MHD
turbulence in Nf = 8 case for two values of Fφ = 1000 GeV (left) and 1250 GeV (right) favored in the walking
tecnhicolor model [8]. The peaks locate around 10−3 ∼ 10−2 Hz, where the dominant contributions come from the
sound waves and the strength (h2ΩGW) exceeds 10
−8. The small MHD contributions simply result from using a small
value of the fraction ǫ = 0.05. At large frequency (f ≫ fturb), the slope in MHD is determined by the Kolmogorov
turbulence model with the power-law scaling ∼ f−5/3 while the asymptotic scaling of the sound wave behaves as
∼ f−4 (f ≫ fsw). As a result, the MHD eventually dominates at large f . The important region comparable to the
LISA experiments is f ∼ 10−4 - 10−2 Hz, thus the sound waves plays a crucial role.
In Fig. 5, we show our gravitational wave signals for the total contributions (sound waves + MHD turbulence) and
compare them with LISA sensitivities expected in four representative configurations (C1 - C4) [50]. In Fφ = 1000 GeV
(left panel), our gravitational spectrum achieves very strong signals detectable in all (C1 - C4) LISA configurations.
The strong signal is a characteristic feature of the Gildener-Weinberg type potential with a scale symmetry. In
Fφ = 1250 GeV (right panel), the strength of the signal gets slightly larger than the Fφ = 1000 GeV case and the
peak position is shifted to somewhat smaller frequency region. The signal has a large overlap to LISA sensitivities
again. The peak shift comes from a smaller nucleation temperature with a stronger phase transition at larger Fφ.
Interestingly, the particular choices of Fφ motivated by the walking technicolor model result in peaks close to the
most sensitive frequency region in LISA.
C. Discussion
1. Top quark correction
We investigate a top quark correction to the gravitational wave spectra shown above. As explained in Sec. II A, the
top quark effects are expected to be subdominant comparing to the flavor non-singlet scalars (si). To confirm this
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FIG. 4: Gravitational wave signal from sound waves (green squares) and MHD turbulence (navy circles). The red solid line
represents the total of them. Left/Right: Fφ = 1000 GeV/Fφ = 1250 GeV.
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FIG. 5: Gravitational wave signal (black solid line) compared with LISA sensitivities for configurations C1 - C4 (dashed
lines) [50]. Left/Right: Fφ = 1000 GeV/Fφ = 1250 GeV.
reasoning, we add the effective potential from the top quark one-loop contributions,
V
(t)
eff (s
0) =
−12
64π2
m4t (s
0)
(
ln
m2t (s
0)
µ2
GW
− 3
2
)
− 12 T
4
2π2
JF (m
2
t (s
0)/T 2) , (54)
to the original potential of Eq. (40), and repeat the calculation of the gravitational wave spectra. Here, the fermionic
thermal function JF is given by
JF (x) =
∫ ∞
0
t2 ln
(
1 + e−
√
t2+x
)
dt . (55)
In Fig. 6, we compare the gravitational wave spectra with/without top quark contributions (green/black solid
lines). With top quarks, the peak frequency acquires about 5% correction to the infra-red direction in Fφ = 1000
GeV case (left panel). The modification of the strength at the peak is tiny and negligible. Comparing to the two
severe constraints of LISA sensitivity (C3 and C4), the top quark correction does not spoil the detectability of
the gravitational waves. The same statement follows in the case of Fφ = 1250 GeV (right panel), where the top
contribution is extremely small (0.2%). Since the top correction is suppressed with mφ/Fφ, the larger Fφ results in
the smaller modification.
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FIG. 6: Gravitational wave signal with/without top quark contributions (green/black solid lines). For comparisons, LISA
sensitivities curves for two severe configurations, C3 and C4 (dashed lines), are also shown [50]. To see the top quark effects,
the frequency region around the peak is zoomed in. Left/Right: Fφ = 1000 GeV/Fφ = 1250 GeV. In the right panel, two lines
are almost on top of each other.
2. Stability against soft scale symmetry breaking with flavor non-singlet scalar
As explained in Sec. II B, the soft breaking mass term Eq. (23) mimics the explicit breaking of the SU(8)L×SU(8)R
chiral symmetry of the walking technicolor model and the arbitrary value of the mass parameter ∆mp does not affect
at all the strong gravitational wave signals originating from the scale symmetry. Within the scope of the walking
technicolor model, there is no reason to introduce any other mass terms. Thus, the strong gravitational wave spectra
shown in the previous section are the main results from the walking technicolor scenario.
However, one might concern about some mass terms originating from some unknown physics other than the walking
technicolor model (with SM and ETC gauging), such as GUT, gravity, SUSY, and so on. Since our results in the
previous section rely on the scale symmetry, a small mass perturbation, outside of the walking technicolor model,
could result in a sizable correction. In this subsection, we discuss a stability of our walking technicolor results against
such a small mass perturbation from outside of the walking technicolor model setting. This might be useful to see a
possible high scale physics even beyond the walking technicolor if any.
As a specific and simple example, we consider the flavor non-singlet scalar si (i 6= 0) mass term,
V
(s)
soft =
(∆ms)
2
2
N2f−1∑
i=1
(si)2 , (56)
which gives an extra explicit breaking of the chiral and scale symmetry other than those already discussed, i.e., si
mass in Eq.(10) due to 〈s0〉 6= 0 and ∆mp, the masses nicely corresponding to those due to the chiral condensate
together with the SM/ETC gauging in the waking technicolor. As emphasized above, this term has an origin from
something beyond the walking technicolor. Therefore, the pseudodilaton (s0), which is the main ingredient in the
walking technicolor model is not included in Eq. (56).
As will be shown later, the finite ∆ms in fact affects the phase transition dynamics and the gravitational wave
spectra and thus are suitable to investigate the stability of our results. From the purely phenomenological viewpoint,
a finite ∆ms extends the parameter space in the mass spectrum of a generic model as shown in Appendix A.
In the context of the walking technicolor model, the mass parameter ∆mp ∼ O(1) TeV in Sec. II B is a consequence
of the enhancement by the large anomalous dimension γm ≃ 1of the technicolor chiral condensate. On the contrary,
∆ms having no relation to the walking technicolor do not acquire the enhancement associated with the large γm.
Therefore, we assume,
∆ms ≪ ∆mp . (57)
In other words, the mass perturbation comparable or larger than ∆mp is different subject from the walking technicolor
scenario and beyond the scope of this paper.
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Combining Eq. (56) with the pseudoscalar mass term Eq. (23), the s0-dependent mass functions at tree level reads,
m2s0(s
0,∆mp,∆ms) = 0, m
2
si(s
0,∆mp,∆ms) = (∆ms)
2 +
2f2
Nf
(s0)2,
m2pa(s
0,∆mp,∆ms) = (∆mp)
2. (58)
The phase transition dynamics is modified via the shift of (2f2/Nf)(s
0)2 → (∆ms)2+(2f2/Nf)(s0)2 in m2si with finite
∆ms. The details of the mass spectra at one loop with (∆ms)
2 are summarized in Appendix A. Using Eq. (58), the
total effective potential becomes,
Veff(s
0,∆mp,∆ms, T ) =
N2f − 1
64π2
M4si(s0,∆mp,∆ms, T )
(
ln
M2si(s0,∆mp,∆ms, T )
µ2
GW
− 3
2
)
,
+
T 4
2π2
(N2f − 1)JB
(M2si(s0,∆mp,∆ms, T )/T 2)+ C(T ) , (59)
with,
M2si(s0,∆mp,∆ms, T ) = m2si(s0,∆mp,∆ms) + Π(T ) , (60)
where the thermal mass Π(T ) is given in Eq. (39). We require that the following properties remain intact for arbitrary
∆ms; (1) the vev 〈s0〉(T = 0) determined by the minimum of the potential Eq. (59) is identified with the dilaton
decay constant favored by the walking technicolor model, Fφ = 1.25 TeV or 1 TeV, (2) the dilaton mass given by
the potential curvature at the vacuum is identified with the observed SM Higgs mass, ms0 = 125 GeV. Then, the
property of the coupling constant f2 is not changed from Eq. (19) while the renormalization scale µGW gets modified
as explained in Eq. (A2) and the following text.
10-14
10-13
10-12
10-11
10-10
10-9
10-8
10-7
10-6
10-5
10-5 10-4 10-3 10-2 10-1 100
h2
Ω
G
W
f [Hz]
C1
C2
C3
C4
10-14
10-13
10-12
10-11
10-10
10-9
10-8
10-7
10-6
10-5
10-5 10-4 10-3 10-2 10-1 100
h2
Ω
G
W
f [Hz]
C1
C2
C3
C4
FIG. 7: The soft breaking scalar mass ((∆ms)
2) effects to the gravitational wave spectra for Fφ = 1000 GeV (left) and
Fφ = 1250 GeV (right). The black, red, and blue colored solid curves represent the results with (∆ms)
2/F 2φ = 0, 0.0001, and
0.001, respectively. The dashed lines represent the LISA sensitivity curves.
In Fig. 7, we show the gravitational wave spectra obtained by using Eq. (59) with (∆ms)
2/F 2φ = 10
−4 (solid-red) and
(∆ms)
2/F 2φ = 10
−3 (solid-blue), and compare them to the result with ∆ms = 0 (solid-black) and the LISA sensitivity
curves (dashed-lines). In both Fφ = 1000 GeV (left) and 1250 GeV (right) cases, the peak positions are shifted to the
larger frequency region and the strength becomes somewhat smaller due to the scalar mass perturbations. However,
the qualitative feature is not changed from the case with ∆ms = 0; The signals are still very strong and detectable
even in the severe constraint case of C4. Thus, the strong gravitational wave signal is not spoiled by the small
(∆ms)
2 perturbation. This is somewhat surprising because our model relying on the scale symmetry looks sensitive
to infinitesimal mass perturbation but it seems not happening in our model. We can understand this as follows; The
broken phase nucleation takes place at Tn much smaller than the critical temperature Tcr, and the effective potential in
the broken vacuum at Tn is close to the zero temperature potential. Then, in the mass function Eq. (60), the dominant
scale in the broken vacuum is 〈s0〉 ∼ Fφ and (∆ms)2 is negligible. In the symmetric vacuum, the s0 dependent part
disapears in Eq. (60) but the thermal mass Π(T ) protects the system from (∆ms)
2. In fact, (∆ms)
2 < Π(Tn) is
satisfied for small (∆ms)
2/F 2φ = 10
−4 and 10−3 as shown in Table I. Thus, (∆ms)2 is subdominant in both symmetric
and broken vacua.
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(∆ms)
2/F 2φ ∆ms [GeV] T∗ [GeV] fpeak [Hz] h
2ΩGW|peak
0.0 0.0 81.2 1.4× 10−3 3.0× 10−8
0.0001 12.5 81.5 6.3× 10−3 6.1× 10−9
0.001 39.5 86.4 1.9× 10−2 1.3× 10−9
0.01 125.0 ∼111.3 1.1× 10−1 1.4 × 10−11
0.02 176.8 ∼137.5 3.4× 10−1 1.5 × 10−12
0.03 216.5 ∼154.8 6.3× 10−1 3.2 × 10−13
0.04 250.0 ∼168.0 9.9× 10−1 9.3 × 10−14
0.05 279.5 ∼178.6 3.7 1.1 × 10−14
TABLE I: Summary table of the peak frequencies and the strength of the gravitational wave signals at the peak as well as the
reheating temperature T∗ in Fφ = 1250 GeV case. For ∆m
2
s/F
2
φ ≥ 0.01, we approximated the T∗ by the nucleation temperature
Tn since the latent heat α becomes small in Eq. (51).
We extend our study for a larger mass perturbation (∆ms)
2 comparable or larger than the thermal mass Π(T ).
It is important to know the threshold of (∆ms)
2 below which the first-order phase transition survives. This is the
subject of the tri-critical point (TCP) in the the phase diagram in T − ∆ms plane, which we provide in Fig. 8 for
Fφ = 1250 GeV. It is convenient to consider two auxiliary curves C2 and C4 which are defined as a pair of ∆ms and
T satisfying:
C2 :
∂2Veff(s
0,∆mp,∆ms, T )
(∂s0)2
∣∣∣
s0→0
= 0 , C4 :
∂4Veff(s
0,∆mp,∆ms, T )
(∂s0)4
∣∣∣
s0→0
= 0 . (61)
The curve C2 is equivalent to the phase boundary in the second-order region (blue solid line) which appears at large
∆ms region. The crossing point of C2 and C4 corresponds to TCP at which the first-order phase boundary (red
solid line) terminates. As shown in the phase diagram, the TCP is found at (∆ms,TCP, TTCP) = (424, 222) GeV in
our model. We select (∆ms)
2/F 2φ = 0.01 − 0.05 < ∆m2s,TCP/F 2φ ≃ 0.115 and investigate the gravitational waves in
approaching to TCP from first-order transition side. The nucleation and reheating temperature (Tn and T∗) should
exist between the first-order phase boundary and C2. As shown by the red squares, Tn locates near the C2 and the
bubble nucleation is found to happen just before the potential barrier disappears in the cooling Universe. The navy
triangles in the figure represents the T∗ (see Table I for the numerics). As ∆ms becomes larger, the T∗ becomes closer
to Tn because the latent heat α becomes smaller in Eq. (51). For ∆m
2
s/F
2
φ ≥ 0.01, we approximate the T∗ by the
nucleation temperature Tn since the α becomes O(0.1 − 1).
In approaching to TCP, the supercooling strength (distance between Tn and red line) diminishes, which indicates
a gravitational wave signal getting weaker. However, before reaching at TCP, we find that the spectral peak po-
sition meets the DECIGO target frequencies (∼ 0.1 Hz) [24, 25] as shown in Table I. Depending on the DECIGO
configurations, three sensitivity curves are considered in Ref. [73] (one of three curves called “original” is found in
[74]). The maximal sensitivities allows us to detect the signal of h2ΩGW ∼ O(10−15) around 0.2 − 2.0 Hz. For
(∆ms)
2/F 2φ = 0.01− 0.04 (except 0.05), our results h2ΩGW ∼ O(10−11 − 10−13) are much larger than at least one of
the three sensitivity curves in the corresponding frequency region and would be detectable in DECIGO.
As explained in the previous section, we have so far assumed that the wall velocity is close to the speed of light
vw ≃ 1. This assumption is valid for a large latent heat α(T∗) > O(1) while it becomes O(0.1− 1) for (∆ms/Fφ)2 ≥
0.01. Therefore, we have checked the gravitational wave spectrum by using slightly smaller than the speed of sound:
vw <∼ vs = 1/
√
3. In this case, the released latent heat fraction κv given in Eq. (53) must be modified as [67, 75]
κv ≃ v
11/5
s κaκb
(v
11/5
s − v11/5w )κb + v6/5s vwκa
, (62)
where, κa ≃ 6.9αv6/5w /(1.36− 0.037
√
α+ α) and κb ≃ α2/5/(0.017+ (0.997+ α)2/5). Comparing to the results shown
in Table I, the peak frequency fpeak becomes 1.7 times larger but still in the DECIGO sensitivity region. The spectra
at fpeak are enhanced by a factor 1.4 − 3.2 for (∆ms/Fφ)2 = 0.01 − 0.04. Therefore, the detectability in DECIGO
remains intact for vw <∼ vs and does not depend on the details of vw.
Finally, we discuss the limitation of the daisy improved effective potential which we have adopted. In the recent
work [40], it was shown that the daisy improved potential was close to the one derived by solving a gap equation
without high temperature assumptions for the self-energy, even at T ∼ Tn ≪ Tcr. This would be understandable
as follows; In the broken vacuum at Tn ≪ Tcr, the thermal effects are negligible and whatever the daisy or more
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FIG. 8: Phase diagram with the chiral phase boundaries and the nucleation and reheating temperature (Tn and T∗) in T−∆ms
plane.
sophisticated one does not matter, and in the symmetric vacuum, nucleation temperature Tn is considered to be high
in the sense that Tn is larger than mass scales in the symmetric phase, and the daisy improvement becomes a good
approximation there. However, this is not true anymore in the vicinity of the TCP, and the results in this work
at large ∆ms might suffer from this problem. In this regard, the gravitational waves near TCP should be further
investigated beyond the daisy diagram near future.
V. CONCLUSION
The walking technicolor model, having a large anomalous dimension γm ≃ 1 and a composite Higgs as a pseudo
dilaton (“technidilaton”) of the approximate scale symmetry [1, 2], is a viable candidate for physics beyond the
Standard Model. Considering the early Universe at high temperature, the walking technicolor model is expected to
undergo a strong first-order electroweak phase transition characteristic to the Coleman-Weinberg (CW) type dilaton
potential due to the scale symmetric nature. Remarkably enough, the spectrum of stochastic gravitational waves
h2ΩGW(f) from the first-order transition could be observed in LISA and DECIGO experiments in the coming years.
In this regard, we have examined the h2ΩGW(f) from the walking technicolor by using the linear sigma model with
classical scale symmetry which simulates the scale symmetric nature of the walking technicolor. As a bench mark
model as such, we took the “one-family model” with Nf = 8 (four electroweak doublets) in the QCD-like SU(Nc)
gauge theory (Lattice studies revealed that Nf = 8, Nc = 3 is a walking theory with a light flavor-singlet scalar [15–18]
).
Thus our linear sigma model has the chiral U(Nf)L × U(Nf )R symmetry together with the scale symmetry at
classical level particularly for Nf = 8 as a bench mark walking technicolor. The scale and chiral symmetries are
spontaneously broken at one loop level through the Coleman-Weinberg (CW) mechanism a` la Gildener-Weinberg [34],
where the scalar in the ray direction (“scalon”) is nothing but a light pseudodilaton (technidilaton) to be identified
with the 125 GeV Higgs particle. We have shown that our CW potential is equivalent to the most general dilaton
potential derived as the effective theory of the walking technicolor model [26]. Based on the equivalence, the vacuum
expectation value (vev, 〈s0〉) is identified with the dilaton decay constant Fφ rather than the usual linear sigma model
restriction v
EW
=
√
Nf/2Fpi = 246 GeV. For Fφ = 1.25 TeV preferred by the walking technicolor model [8], we have
found the coupling constant f22 ≃ (0.45)2 ≪ 1 and thus the one loop perturbation theory is justified. In addition, the
radiative corrections from the SM particles can be subdominant and neglected owing to the large value of Fφ.
We have introduced a soft chiral symmetry breaking by the pseudoscalar mass term (∆mp)
2 given in Eq. (23) to
mock up the NG bosons masses of flavor-non-singlet pseudoscalar (pi=1−63 = πi = NG-pions) generated from the
gauge interactions of the ETC, and the Standard Model SU(3)× SU(2)× U(1), and η′ mass by the chiral anomaly.
This also results in the mass hierarchy between the light pseudo dilaton (flavor-singlet scalar, s0) and the other massive
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scalars: flavor-non-singlet scalar (si=1−63 = ai0). At one loop level this breaking happens not to shift the mass of the
pseudo dilaton consistently with the PCDC relation.
In order to investigate the thermal phase transition in our model, we have considered the one loop thermal effective
potential with a daisy diagram improvement. Due to the scale symmetric feature of our CW potential, we have
observed a very strong first-order electroweak phase transition which is not affected by the soft mass term given
in Eq. (23) at all. We have shown that the barrier between the symmetric and the broken vacua disappears at
temperature below a small finite threshold, so that our model does not suffer from the graceful-exit problem which is
recently discussed in the context of the first-order electroweak phase transition [49].
In order to investigate the gravitational waves from the resultant first-order phase transition, we have numerically
examined the bounce solution for the effective action describing the bubble nucleation dynamics. We have found a
strong supercooling with low nucleation temperature (Tn ≪ Tcr), large latent heat α ≫ 1, and the nucleation rate
parameter β˜ ∼ O(102). By using Tn and α, we evaluated the reheating temperature T∗. The results are summarized
in Eq. (52). (See Sec. IVA for the parameter definition).
For the given (T∗, α, β˜), the stochastic gravitational wave spectrum h2ΩGW is evaluated by using the formulas
shown in Appendix B. For the dilaton decay constant Fφ = 1000 GeV and 1250 GeV, we have obtained very strong
gravitational wave signals h2ΩGW(f) ∼ 10−8 near the best sensitivity frequency region (f ≃ 10−3 Hz) of the LISA
experiment and the signals are detectable in all (C1 - C4) representative configurations [50].
We have also discussed the effect of the soft breaking mass (∆ms)
2 for the flavor non-singlet scalar given in
Eq. (56). This mass term is not allowed within the scope of the walking technicolor scenario. The motivation to
consider the (∆ms)
2 was to assess the stability of our results against physics other than the walking technicolor model
(with SM and ETC gauging), such as GUT, gravity, SUSY, if any. We have assumed ∆ms ≪ ∆mp ∼ O(1) TeV
because the ∆ms does not acquire the mass enhancement by the large mass anomalous dimension γm ≃ 1 of the
technicolor chiral condensate. For (∆ms/Fφ)
2 = 10−4 and 10−3, which are smaller than the thermal mass Π(T )/F 2φ ,
the gravitational wave signals are still very strong and detectable in all (C1 - C4) configurations [50]. For larger ∆ms,
we have considered the phase diagram in ∆ms−T plane for Fφ = 1250 GeV, and located the tri-critical point (TCP:
(∆ms,TCP, TTCP) = (424, 222) GeV). Approaching to TCP from the first-order region, the gravitational wave signal
becomes weaker, but before reaching at TCP, the spectral peak position meets the DECIGO target frequencies (∼ 0.1
Hz) [24, 25]. The gravitational wave signals for ∆ms = 125 − 250 GeV would be detectable at least one of three
sensitivity curves of DECIGO [73]. The peak frequencies and strengths are summarized in Table I.
Finally, we notice several issues which should be studied in future. First, it is important to refine the effective
potential beyond daisy diagram resummation. In particular, the difference between the daisy improved and more
sophisticated potentials (e.g. Ref. [40, 71]) may become significant in the vicinity of the TCP. Second, it is interesting
to refine the estimate of T∗ by using the percolation temperature instead of the nucleation temperature. Although
our results shown in this work might be modified quantitatively by the refinements, the qualitative feature - very
strong gravitational wave signals attributed to the scale symmetry of walking technicolor model - would be robust.
This suggests that the walking technicolor model could be probed via the gravitational waves near future in LISA
and DECIGO experiments.
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Appendix A: Flavor non-singlet scalar mass
Consider the effective potential in the presence of flavor non-singlet scalar mass (∆ms)
2 defined in Eq. (56) at zero
temperature,
Veff =
N2f − 1
64π2
m4si(s
0,∆mp,∆ms)
(
ln
m2si(s
0,∆mp,∆ms)
µ2
GW
− 3
2
)
+ C, (A1)
where C is a constant. The vev for s0 is obtained from the stationary condition of the effective potential, which for
non zero value reads
ln
m2si(〈s0〉,∆ms)
µ2
GW
= 1 ⇒ 〈s0〉2 = Nf
2f2
(eµ2
GW
− (∆ms)2) . (A2)
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For arbitrary ∆ms, the vev is identified with the dilaton decay constant: 〈s0〉 = Fφ. From Eq. (A2), the renormal-
ization scale is determined as µ2
GW
= e−1
(
(∆ms)
2 + 2f2F
2
φ/Nf
)
.
The mass spectra in the presence of (∆ms)
2 in terms of 〈s0〉 are given as
m2s0 =
f22
2π2
N2f − 1
N2f
〈s0〉2 = (125 GeV)2 ,
m2si =(∆ms)
2 +
2f2
Nf
〈s0〉2 + f2
32π2
{
2Nf (∆mp)
2
(
ln
(
(∆mp)
2
µ2
GW
)
− 1
)
+ f2〈s0〉2
(
18
Nf
+
2
Nf
ln
(
(∆mp)
2
µ2
GW
))N2f−1∑
j=1
(djji)
2
}
,
m2p0 =(∆mp)
2 +
4f2
32π2
(
N2f − 1
Nf
)
(∆mp)
2
(
ln
(
(∆mp)
2
µ2
GW
)
− 1
)
,
m2pi =(∆mp)
2 +
f2
32π2
(
2Nf − 4
Nf
)
(∆mp)
2
(
ln
(
(∆mp)
2
µ2
GW
)
− 1
)
. (A3)
The relation between the dilaton mass m2s0 and vev 〈s0〉2 is not modified by (∆ms)2 (nor (∆mp)2), and the identities
given by Eq. (19) with the coupling f2 ≃ 0.45 remain intact.
Appendix B: Formulas for gravitational waves spectra from first-order phase transitions
It is known that the stochastic gravitational wave spectrum h2ΩGW created in the first-order phase transition in
the early Universe consists of three signals coming from different sources [50]:
h2ΩGW ≃ h2Ωφ + h2Ωsw + h2Ωturb . (B1)
The first term h2Ωφ is the gravitational wave signal created by bubble collisions and associated with a kinetic energy
of a scalar (dilaton in this work) field. The second term h2Ωsw represents the signal sourced by sound waves in plasma,
and the third term h2Ωturb accounts for Magnetohydrodynamic (MHD) turbulence in the plasma forming after the
bubbles have collided.
Following [50], we estimate each contribution as follows,
h2Ωφ(f) = 1.67× 10−5 β˜−2
(
κφα
1 + α
)2(
100
g∗
)1/3(
0.11 v3w
0.42 + v2w
)
Sφ(f), (B2)
where,
Sφ(f) =
3.8(f/fφ)
2.8
1 + 2.8(f/fφ)3.8
fφ = 16.5× 103 β˜
(
0.62
1.8− 0.1vw + v2w
)(
T∗
100GeV
)( g∗
100
)1/6
Hz , (B3)
for the scalar contribution, and
h2Ωsw(f) = 2.65× 10−6
(
vw
β˜
)(
κvα
1 + α
)2(
100
g∗
)1/3
Ssw(f) (B4)
where,
Ssw(f) = (f/fsw)
3
(
7
4 + 3(f/fsw)2
)7/2
fsw = 1.9× 10−5Hz
(
β˜
vw
)(
T∗
100GeV
)( g∗
100
)1/6
, (B5)
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for the sound waves, and
h2Ωturb(f) = 3.35× 10−4
(
vw
β˜
)(
κturbα
1 + α
)3/2(
100
g∗
)1/3
Sturb(f) (B6)
where
Sturb(f) =
(f/fturb)
3
[1 + (f/fturb)]
11/3
(1 + 8πf/h∗)
, (B7)
fturb = 2.7× 10−5Hz
(
β˜
vw
)(
T∗
100GeV
)( g∗
100
)1/6
, (B8)
h∗ = 16.5× 10−6Hz
(
T∗
100GeV
)( g∗
100
)1/6
, (B9)
for the MHD turbulence.
In the above formulas, the parameters (T∗, α, β˜) are calculated from the effective potential in Sec. IVA. The bubble
wall velocity vw is specified to be the speed of light vw = 1 or sound 1/
√
3. The parameter κv and κturb are explained in
Sec. IVB. The value of the paramete κφ was not considered in this work because we assumed the bubble contribution
h2Ωφ to be neglegible for non-runaway bubbles (see Sec. IVB).
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